Rotating two-layer exchange flow over a sill in a strait separating two relatively deep and wide basins is analyzed. Upstream of the sill in the deep upstream basin, the infinitely deep dense lower layer is assumed to be inactive, while the relatively thin upper layer flowing away from the sill forms a detached boundary current in the upstream basin. This analysis emphasizes the importance of this upstream boundary current, incorporating its width as a key parameter in a formalism for deducing the volume exchange rate and discriminating between maximal and submaximal states. Hence, even for narrow straits in which rotation does not dominate the dynamics within the strait, the importance of rotation in the wide upstream basin can be exploited. It is shown that the maximal allowable exchange transport through straits wider than 1 1 ⁄2 Rossby deformation radii increases as rotation increases, unlike for smaller rotations, where the exchange decreases as rotation increases. The theory is applied to the exchange flow through the Strait of Gibraltar. This application illustrates how images of the oceans taken from space showing the width of the upstream flow, in this case a space shuttle photograph, might be used to determine the exchange transport through a strait. Maximal exchange conditions in the Strait of Gibraltar are predicted to apply at the time the space shuttle photograph was taken.
Introduction
Rotating hydraulic models are traditionally based on 1 1 ⁄2-layer stratification and are aimed at applications involving deep overflows such as those of the Denmark Strait and Faroe Bank Channel. The overlying fluid is assumed to be relatively thick and dynamically inactive. In reality, the thicknesses of the overflows across the sills of the Denmark Strait and Faroe Bank Channel are comparable with those of the overlying fluid and Froude numbers based on the upper-layer properties are not always small (D. Sutherland and J. Girton 2004, personal communication) . The importance of the upper layer is acknowledged in other applications such as the exchange flows of the Strait of Gibraltar (e.g., Armi and Farmer 1988 ) and the Bab al Mandab (e.g., Smeed 2000; Pratt et al. 2000) . These straits have widths on the order of or less than the Rossby radius of deformation and the effects of rotation are generally neglected.
However, rotation becomes dominant as the strait widens into the neighboring open ocean or marginal sea.
The situation described above suggests the need for two-layer hydraulic models that account for the effects of rotation. Some work along these lines has already been carried out. Whitehead et al. (1974) and Hunkins and Whitehead (1992) analyzed the flow that sets up in a hypothetical lock exchange experiment in a channel with a horizontal bottom. Hogg (1983) used a 2 1 ⁄2-layer model to partition the Vema Channel overflow into two active layers and examined changes in isopycnals caused by flow over the deep sill. Hogg (1985) applied a similar model to the Alboran Sea and Strait of Gibraltar system. He considered three layers, with the lowest Deep Mediterranean Water at rest and applied the concepts of a second-mode control section in a narrow passage in the Alboran Sea to understand circulation patterns in the western Mediterranean Sea. Both studies were site-specific investigations of particular observed phenomena and the models used were quite complicated. A more general investigation of two-layer, rotating channel flow appears in the Ph.D. thesis of Dalziel (1988) and in Dalziel (1990) . Attention is focused primarily on configurations that maximize the exchange flow rate through a channel with a sill, the so-called maximal states. Riemenschneider (2004) has also investigated two-layer, rotating exchange flows and has carried out a series of primitive equation experiments for exchange across a sill in a strait separating two wide basins. Riemenschneider (2004) and Riemenschneider et al. (2005, manuscript submitted to J. Fluid Mech.) trace maximal and submaximal flows along a rectangular channel in a graphical representation analogous to the Froude number plane used by and Armi and Farmer (1986) .
Our investigation centers on rotating, two-layer exchange flow over a sill in a strait separating two relatively deep and wide basins. The basin serving as the source of the lower layer will be called the upstream basin and "left" and "right" will refer to the channel walls as seen by an observer facing in the direction of the lower-layer transport (Fig. 1) . Here, we cover the theory for pure exchange flow and conclude with an application to the Strait of Gibraltar. Our work differs from that of Dalziel (1988 Dalziel ( , 1990 , Riemenschneider (2004) and Riemenschneider et al. (2005, manuscript submitted to J. Fluid Mech.) in several important respects. The first is our emphasis on submaximal states, which are thought to be important in applications such as the Faroe Bank Channel and the Bab al Mandab. A more important difference involves our view of and emphasis on the upstream flow. As one moves upstream from our sill through the strait and into the deep upstream basin, the lower layer is assumed to become infinitely deep and inactive. The upper layer, which is relatively thin, remains in motion and detaches from the right wall, forming a detached boundary current on the left wall of the basin. The width of this current can be used as the basis for a weir relation determining the volume exchange rate. The width could be determined using an image from space where it could be observed as a sea-surface expression and this might therefore allow remote monitoring of the exchange transport.
Inherent in this description are assumptions concerning the potential vorticity of the flow that are quite different from what Dalziel, Riemenschneider, and coworkers have used. In their analysis, the potential vorticity of both layers is formally taken to be zero. A consequence is that the relative vorticity of the fluid equals Ϫf, where f is the Coriolis parameter, within FIG. 1. Schematic showing a dam restraining fluid in the region y Ͻ 0. We investigate the final steady state after the dam break and the spilling of dense 2 fluid over the sill. A rigid lid is placed at z ϭ z T so there can be no free-surface gravity waves. These waves would propagate much faster than typical exchange flows so the associated Froude number would be negligible. The channel has uniform width w and is aligned in the y direction.
each layer, regardless of the thickness of the layer. In our study, the balance between relative vorticity and Ϫf is only a local approximation, valid where the layer depth is small when compared with its basin depth. As the flow moves into deep water the relative vorticity becomes small relative to f. In the Dalziel/Riemenschneider models the balance is global and strong motions in the lower layer persist even where it becomes very thick. These models produce upstream states that are fundamentally different than ours and this leads to differences in distinction between maximal and submaximal states. Potential vorticity is conserved in all models, but the exact value of potential vorticity is not taken to be zero in our model.
One of the main difficulties in discussing two-layer hydraulic models is that the algebra can become quite involved. The situation is exacerbated by the variety of ways that the two layers can become detached from the channel sidewalls, a situation that requires considerable bookkeeping. Riemenschneider et al. (2005, manuscript submitted to J. Fluid Mech. ) make use of a velocity space, analogous to Froude number plane, to present their results. The result is elegant in that the downstream evolution of solutions with various upstream conditions can be followed in a single diagram, but the method requires that the channel width and bottom elevation vary together in a particular way. In our presentation, it is assumed that variations in bottom elevation occur within the straight section of channel and that width changes occur in the basins, where the depth is large and the bottom horizontal. Our description of the maximal and submaximal flow, with all their detached and attached permutations, contains more information than some readers may wish to digest. Such readers should read sections 2 and 3, which describe the basic model and approximations and the algebraically simple case of attached flow at the sill. The same reader could skim through sections 4 and 5, which describe singly and doubly detached flow at the sill, pausing to examine Fig. 4 . The material in section 6, which covers the upstream states and maximal and submaximal flows, is crucial (particularly the descriptions of Figs. 9, 10, and 13). The figures skipped as a result of this approach, though not essential to a cursory understanding of the problem, contain information that may save future investigators a great deal of work. A summary of the submaximal and maximal states appears in section 6e and Figs. 15, 16, and 17. Section 7 describes an application to the Strait of Gibraltar. We show that the width of the Atlantic Ocean boundary current along the southern Mediterranean shore serves as an indicator of maximal versus submaximal conditions in the strait. Using a space shuttle photograph that shows the boundary current separation and width, conditions in the Strait at the time of the photograph are evaluated.
Governing equations
Consider a rectangular channel separating two relatively wide and deep basins with horizontal bottoms. An exchange flow between the basins could be established as a result of a lock exchange experiment in which the basins are filled with fluids of densities 1 and 2 and are separated by a dam that sits atop the sill (Fig.  1a) . The channel has bottom elevation h*( y*) and uniform width w* (dimensional variables are given an asterisk superscript). A rigid lid is placed at z* ϭ z* T and d * 1 and d * 2 are the thicknesses of the upper and lower layers, respectively. Hence,
The density difference between the two flowing layers is taken to be relatively small and the Boussinesq approximation is employed. The channel is aligned in the y direction and h*( y*) and flow properties are assumed to vary gradually with y*. Scaling suggests the shallow-water equations apply; we do not consider nonhydrostatic effects. Hence, the along-channel velocity * i (i ϭ 1, 2 denotes the upper and lower layers) is geostrophic and the corresponding thermal wind relation is
where gЈ ϭ g( 2 Ϫ 1 )/ 2 is the reduced gravity. The cross-channel velocity u* i is not generally geostrophic. If the flow is steady, the Bernoulli functions
and
are conserved along streamlines of the respective layers, where p* T is the pressure at z* ϭ z* T . The initial layer depths in the downstream and upstream reservoirs are denoted D 1ϱ and D 2ϱ , each a constant. Once the dam is removed, assuming the flow remains free of dissipation, the potential vorticity of the two layers remains fixed at the uniform values f/D 1ϱ and f/D 2ϱ . Under the condition of gradual variations along the channel axis the potential vorticity is approximated by ( f ϩ ‫ץ‬ * i /‫ץ‬x*) /d * i and therefore
In the vicinity of the sill, where
Models based on (6) are often referred to under the title "zero potential vorticity" since the relative vorticity exactly equals Ϫf when the potential vorticity of the flow is exactly zero. In the present model, (6) should be regarded as an approximation, valid only where the layer depth d * i is small relative to its potential depth D iϱ . The dimensional value of the potential vorticity need not be zero.
We introduce the following dimensionless variables
where D s is the channel depth at the crest of the sill and L is an along-channel length scale. The cross-channel coordinate is nondimensionalized by the local Rossby radius of deformation at the sill section ͌gЈD s /f, as is the channel width w*. The layer depths d * i and bottom topography h* are nondimensionalized by D s . In terms of these scales, the dimensionless versions of (2) and (6) are
An important consequence of the limiting case d * i Ӷ D i ϱ is that the internal Bernoulli function for the twolayer flow becomes uniform. This result can be deduced from Crocco's relation dB 
are all uniform.
Equations (8) and (9) are solved depending on whether the interface between the two layers is attached to both channel sidewalls (section 3), as shown in Fig. 2a , or whether it has detached from one sidewall (section 4) and intersects the channel bottom or top, as shown in Figs. 2b and 2c. We refer to this case as singly detached since a doubly detached configuration (section 5) is also possible, whereby the interface between the two layers intersects both z ϭ z T and z ϭ 0, as shown in Fig. 2d . The separate cases of attachment and detachment result from the assumption of a rectangular channel cross section. Natural straits have a smoothly varying topography, but this introduces difficulties more serious than the bookkeeping required under rectangular geometry.
We will be making frequent use of Gill's (1977) 
and this is the condition for hydraulic criticality. To insure that the flow passing through a critical section remain smooth, the regularity condition
must also be satisfied here. This condition can restrict the location at which critical flow can occur. Under conditions of flow separation it becomes difficult to reduce the algebraic problem for two-layer flow to a single equation. We are instead faced with multiple relationships
For the cases encountered later on, N ϭ 3. As shown by Pratt and Helfrich (2005) , the condition of hydraulic criticality for such systems is given in terms of the generalized Jacobian of the functions
The corresponding regularity condition is det ͫͩ
T ␥ ] is the matrix obtained by replacing the ith column of (‫ץ‬G i ‫␥ץ/‬ j ) T by
and where (‫ץ‬G i /‫ץ‬y) ␥ denotes a derivative with ␥ 1 , ␥ 2 , . . . , ␥ N all held constant.
Attached flow at the sill
With the channel spanning Ϫw/2 Ͻ x Ͻ w/2 the solutions to (8) and (9) can be written as i ͑x, y͒ ϭ Ϫx ϩ i ͑y͒, ͑16͒
where d ϭ d 1 ϩ d 2 is the channel depth and the overbars denote the value of the quantity at the center of the channel x ϭ 0. At the sill crest, d ϭ 1. Note that from (16), the shear, or the left side of (8), is constant, which yields a depth profile that is a linear function of x. The volume fluxes in the top and bottom layers are 1572
denoted Q 1 and Q 2 , respectively where Q 1,2 ϭ Q* 1,2 f / gЈD 2 s . The effect of rotation on the magnitude of the exchange flow |Q 2 Ϫ Q 1 | in the attached case can be shown by computing the volume transports in each layer using (16)-(18). That is,
or in terms of dimensional variables,
In the absence of rotation, the first terms on the right of (19) and (20) would give the layer transport. With rotation, (16) shows how the velocity in each layer decreases as x increases. If 2 Ϫ 1 Ͼ 0, the interface slope is positive and the lower layer is thicker toward the right wall at x ϭ w/2, facing downstream. This thicker part on the right has smaller (perhaps even negative) velocities relative to the velocities in the thinner part of the layer to the left. Hence the positive interface tilt reduces the transport in the lower layer. This was pointed out by Dalziel (1990) . A similar effect occurs in the upper layer and thus rotation reduces the net exchange Q 2 Ϫ Q 1 . This trend is reminiscent of the tendency of rotation to reduce transports in single-layer overflows. It will be shown later, however, that the tendency is reversed when the two-layer flow becomes doubly detached from the sidewalls.
Attention is restricted to pure exchange flow and we introduce
The formalism of Gill (1977) is used to derive a critical condition at the sill. Begin by combining (22) with (19) and (20), which yields
and it follows from (19) that
To construct a functional G that relates a single dependent variable d 2 to the parameters that define the channel section, use (16)- (18) to write (10) as
Using (19), (20), and (22) to express (26) in terms of Q leads to
An equivalent expression was found by Dalziel (1990) [see his (19)]. According to (11), the flow becomes critical where
Applying (28) to (27) yields
which can also be written as
if (23) is used. The left side of (30) can be viewed as a Froude number that characterizes the hydraulic state as subcritical, critical, or supercritical for values Ͻ1, ϭ1, or Ͼ1. In the limit of weak rotation (w → 0) it reduces to the familiar composite Froude number
as discussed by . Similarly, the left side of (30) could be regarded as the composite Froude number in the rotating case. The regularity condition (12) can be applied to determine further restrictions on the location of a section of hydraulic control. Attention is confined to the channel portion of the domain, for which w ϭ constant. After use of (29) and some lengthy algebra, (12) reduces to
which stipulates that the control can occur where dh/dy ϭ 0 (as at the sill) or where d 2 ϭ d 2 , with
Locations at which (33) are satisfied are called virtual controls (Wood 1968) . In the limit of weak rotation, satisfaction of (33) requires d 2 → d. As discussed by the virtual control in this case occurs in the deep reservoir, when the upper layer is thin and the lower layer is infinitely deep and inactive. An interesting aspect of the rotating problem is that the virtual control apparently can exist in shallower reaches of the channel. We will return to this point in section 6, where connection of the sill flow with the upstream basin is discussed. For the time being, attention will be restricted to critical flow at the sill.
If (29) is evaluated at the sill (d ϭ 1) the result can be used to plot the exchange transport per unit width Q/w as a function of the critical value of d 2 (denoted d 2c ) for various w, shown in Fig. 3 . Figure 3 shows that there are no critical solutions (either attached or detached) as d 2c → 0 or d 2c → 1, for moderate values of rotation. As one of the layers becomes very thin while remaining attached, the interface slope 2 Ϫ 1 → 0. In the case of no barotropic flow, from (23), this implies that both 2 ϭ 0 and 1 ϭ 0 for finite d. Hence, from (24) and (25) For the attached case, critical conditions with d 2c ϭ 1/2 yield the largest value of Q/w. However, it is shown in section 6 that such a flow cannot be connected to an adjacent basin when a sill is present in the channel, and therefore the maximal exchange is less than for d 2c ϭ 1/2.
Singly detached flow at the sill
Consider a singly detached exchange flow where the interface between the two layers intersects either z ϭ z T or z ϭ 0. For a positive interface slope ( 2 Ϫ 1 Ն 0), the flow detaches from the right wall (x ϭ w/2) when
and it detaches from the left wall (x ϭ Ϫw/2) when
as can be seen from (18). It is convenient in the detached case to shift the channel to lie between 0 Ͻ x Ͻ w, as shown in Figs. 2b and 2c. FIG. 3 . The exchange flow rate as a function of the depth d 2c of the bottom layer at the center of the channel for attached flow and critical conditions at the sill crest. The diagrams show the channel cross section at the sill, indicating the interface between the two layers. The crosses on the curves indicate the maximal exchange as derived in section 6. The dots on the curves indicate the exchange flow rate, also derived in section 6, using a virtual control found to lie at some point over the sloping bottom of the channel upstream of the sill.
From (8) and (9), the velocity and depth profiles for the singly detached, positive interface slope case shown in Fig. 2b are found to be
where the caret over a variable implies its value at x ϭ w Ϫ w s , the point where the interface intersects the bottom of the channel z ϭ 0, and Ϯ ϭ 2 Ϯ 1 . The interface remains attached to the right wall x ϭ w. The volume fluxes in the two layers are given by
͑38͒
In the singly detached case 1, the value of the Bernoulli function can be determined by evaluating (10) where the interface intersects the bottom. Thus,
Similar equations can be derived for the singly detached case 2, shown in Fig. 2c . As in the attached case, the net transport is again assumed to be zero and Q ϭ ϪQ 1 ϭ Q 2 Ͼ 0. Unlike in the attached case, it is simpler to use three functionals in place of G for three dependent variables Ϯ ϭ 2 Ϯ 1 and w s . The first functional is found from (39), and the second and third from (37) and (38) as follows:
The condition for criticality is obtained by applying (14) with ␥ 1 ϭ Ϫ , ␥ 2 ϭ ϩ , and ␥ 3 ϭ w s , leading to
If (43) is evaluated at the sill (d ϭ 1), the result can be solved simultaneously with (41) and (42) to determine how Q varies with w s for a given w. The results are indicated by the dashed curves in Fig. 4 . The interface is doubly detached to the right of the termination of the dashed curves. That is,
For w Ͻ 1.001, the sill flow remains attached to at least one wall. The curves in Fig. 4 show that at larger values of w, double separation occurs more readily. Further, the magnitude of the exchange flow increases for a given flow width as rotation increases. However, it will be shown in section 6 that the magnitude of the maximal exchange decreases with increasing rotation if the sill flow is singly detached. Note that by symmetry the plot is the same when the interface intersects the channel top z ϭ z T and the right wall (Fig. 2c) , in which case w s is interpreted as the width of the upper layer at z ϭ z T .
For a given w, the relationship between Q and w s is not necessarily unique, and there are two values of w s having the same Q. The second solutions are indicated by the second set of dashed curves in Fig. 4 for large values of w s /w. For w Ͼ 1.720, there is only one solution, while there are two singly detached solutions when 0.866 Յ w Յ 1.720.
Last, Fig 
Doubly detached flow at the sill
We have thus far considered the case where the interface intersects at least one of the channel sidewalls at the sill cross section. Here, we explore doubly detached flows in which the interface between the two flowing layers at the sill intersects both the channel floor z ϭ 0 and outcrops at the surface z ϭ z T . The variables are defined in Fig. 6 . The velocity and depth profiles for the doubly detached case shown in Figs. 2d and 6 are
where the caret over a variable implies its value at the point where the interface intersects the channel bottom z ϭ 0, x ϭ w t Ϫ w b (as before, Ϯ ϭ 2 Ϯ 1 ). The volume fluxes in the two layers are given by
͑48͒
Note that
for finite rotation and within the limits of the definition of w b . This can be used to eliminate w b from (47) and (48). The value of ⌬B can be determined by evaluating (10) where the interface intersects the bottom, leading to
It is again assumed that the net transport is zero Q ϭ ϪQ 1 ϭ Q 2 Ͼ 0 and the critical condition for doubly detached sill flow is derived. As in the singly detached case, three functionals for three dependent variables Ϯ ϭ 2 Ϯ 1 and w t are used. The first functional is found from (50), and the second and third from (47) and (48) as follows:
Applying (14) with ␥ 1 ϭ Ϫ , ␥ 2 ϭ ϩ , and ␥ 3 ϭ w t the criticality condition is found to be
Equations (52), (53), and (54) can now be solved simultaneously to determine how Q varies with w t (or w b ) for a given geometry, as shown by the solid curves in Fig. 4 . Because of symmetry, the curves are equivalent to those if w s (ϭ w ϩ w b Ϫ w t ) had been plotted. Critical sill flow may be doubly detached for w Ն 1.001. As in the singly detached case, the magnitude of the exchange flow increases for a given flow width as the effect of rotation increases. However, in section 6, we show that, unlike in the singly detached case, the maxi- The regularity conditions for singly and doubly detached flow are considerably more complicated than that for the attached case. In addition to channel sections with dh/dy ϭ 0 critical flow can occur over a sloping bottom provided a regularity condition is satisfied there. The corresponding expressions are given in the appendix.
Connecting the sill flow to the basin a. Maximal and submaximal exchange
It has been shown how distinct flow configurations at the sill can be derived. The requirement of dynamically connecting the sill flow to the flow in an adjacent basin determines which sill flows are allowable. Farmer and Armi (1986) use Froude number diagrams of the analogous nonrotating two-layer flow to investigate possible solutions and to derive the maximal exchange solutions between two infinitely wide or deep basins connected by a channel of uniform width w containing a sill. They show that the requirement for the constant volume flux Q ϭ Q 2 ϭ ϪQ 1 to be maximal for a given geometry is that the flow is critical both at the sill crest and at the mouth of the channel (the entrance to the upstream basin). The flow is then subcritical between these two critical control sections and supercritical on either side. In this way, the maximal exchange state is that which is isolated from the upstream and downstream basins. Submaximal exchange, for which there exists only one control section, has subcritical upstream flow in both the channel and the basin.
The presence of rotation leads to a more complex assortment of possible basin states. One view of the upstream circulation is guided by a reasonable expectation of the outcome of the lock exchange problem suggested in Fig. 1a . When the barrier is removed, the deep layer will spill over the sill and a shallow reverse flow will form above. As this reverse flow moves into the upstream basin, it overrides a lower layer that becomes progressively deeper and presumably more quiescent. The upper layer itself remains shallow and therefore subject to (6). In the deeper layer, the depth d * 2 is no longer ӶD 2ϱ and (6) is replaced by the condition
As the basin is approached, d * 2 → D 2ϱ and ‫ץ‬ * 2 /‫ץ‬x* → 0. The surface current now rides over a lower layer that is essentially inactive. As the channel widens into the basin it is quite possible that the surface flow will detach from the right wall and form a boundary current of dimensionless width w e . The structure of this current can be determined by requiring that its energy and volume transport be the same as at the sill. It must be acknowledged, however, that the whole scenario is hypothetical and must ultimately be verified by performing the lock exchange experiment.
Based on nonrotating examples such as Armi (1986) and on the findings of Dalziel (1990) and Riemenschneider et al. (2005, manuscript submitted to J. Fluid Mech.) , both of which concentrate on cases of moderate to low rotation, we expect to find for each w a family of submaximal solutions with a limiting maximal solution. The submaximal solutions will have a single hydraulic control at the sill with subcritical flow at all points upstream; the maximal solution will have a sill control, subcritical flow extending a finite distance upstream and terminating in a second control, and supercritical flow upstream of this, perhaps terminating in a hydraulic jump. Within the context of our model, which has different upstream conditions than the previous two studies, there are two possible locations for the second control. The first is at the channel mouth, where the straight section of channel ends and the total depth is effectively infinite. By hypothesis the lower layer at this section is inactive and the thin upper layer is therefore unforced. The regularity condition for critical flow is simply dw/dy ϭ 0, which is satisfied just inside the mouth. This type of control, which is analogous to Armi's "exit" control, is our preferred mode of upstream critical flow. Maximal flows can be found by requiring that the mouth flow be critical and have the same volume flux and energy as the critical sill flow.
A second possibility is that the upstream control is a "virtual control" satisfying the regularity condition (12) or (15). The specific constraint for attached flow is given by (33) and the appendix lists the corresponding formulas for singly and doubly detached flows. In contrast to an exit control, the virtual control can occur in those parts of the channel where the depth is finite and the bottom slope is nonzero. In his Ph.D. thesis, Dalziel (1988) alludes to controls of this type but remarks only that the regularity condition "fails to yield any solutions in the range of interest." Riemenschneider (2004) and Riemenschneider et al. (2005, manuscript submitted to J. Fluid Mech.) describe specific solutions with virtual controls. In none of these studies is the regularity condition itself written down. However, Riemenschneider (2004) notes that the position of the virtual control moves from upstream into shallower water and closer to the sill as w increases, and this is borne out by our (33). Her calculations with virtual controls are confined to flows that are attached at the sill and upstream.
We have considered the possibility that virtual controls arise in our model. For each critical sill flow, we check to see whether there is a second upstream section of critical flow with the same volume transport and energy and for which the regularity condition [(33), or its versions for detached flow] is satisfied. The meaning of the exercise is not completely clear for small values of w since the virtual control tends to occur in deep water, just where the zero potential vorticity equations themselves are expected to fail. However, for moderate values of w and attached sill flow we do find virtual controls that lie in shallower reaches of the channel and that are consistent with those found by Riemenschneider (2004) . The maximal flux in each case is larger, but only slightly so, than the maximal flux found with an exit control for the same w (see the dots in Fig.  3 ). Moreover, physically meaningful mouth states for the case with virtual controls cannot be found; that is, the flow at the virtual control cannot be continued into the channel mouth under the conditions of an inactive lower layer at the mouth. In addition, virtual controls are not found for any cases in which the sill flow is singly or doubly detached. We have therefore elected to reject the virtual control scenario and hold fast with the hypothesis of an exit control.
As suggested in Fig. 1b the "mouth" is located where the straight section of channel terminates and the channel begins to broaden. The channel width in the broadening region is denoted w B ( y) and w B ϭ w at the mouth. The flow in the broadening region can either be attached to both channel walls or detached from one wall. If the mouth flow is attached, and the channel center is taken to be at x ϭ 0, the upper-layer velocity and depth profile in the mouth are found from the governing Eqs. (8) and (9) with 2 ϭ 0, 1 ͑x͒ ϭ 2d w B Ϫ x, and ͑56͒
and the sidewalls are at x ϭ Ϯw B /2. The volume exchange flux is given by
Using (56) and (57) in (10), the internal Bernoulli function is found to be
If the mouth flow is detached from the right wall, it is convenient to shift the channel coordinates to run from x ϭ 0 to x ϭ w at the mouth. The upper-layer velocity and detached parabolic depth profile [from (8) and (9) with 2 ϭ 0] are then
where 0 and d 0 are the velocity and depth at the wall x ϭ 0. Using these in (10) yields
The exchange transport is the magnitude of the geostrophic flux in the active layer
where w e is the width of the surface flow (at the mouth, w e Յ w) and using d 1 (x ϭ w e ) ϭ 0. This condition also gives 0 ϭ w e 2 Ϫ ͑2Q͒
1ր2 w e . ͑66͒ Figure 7 shows the three forms that the boundary current can take. Supercritical flow, shown in Fig. 7a , occurs when the layer thickness is maximum at x ϭ 0 and 1 is everywhere toward the upstream basin. As shown by Stern (1980) , critical flow (Fig. 7b) occurs when the interface slope is zero on the left wall at x ϭ 0 and therefore 1 ϭ 0. If the current thickness d 1 reaches a maximum to the right of the wall at x ϭ 0 (Fig. 7c) , then in the region between x ϭ 0 and the maximum thickness the current is flowing toward the downstream basin. To the right of the maximum thickness, where 1 ϭ 0, the current flows upstream. This configuration is subcritical. The only net transport occurs in the shaded region. Note that this subcritical flow has the same Q as the supercritical flow in Fig. 7a 
b. Attached sill flow

1) CONNECTION TO THE MOUTH
Attached sill flows may be either attached or detached at the mouth. Attached mouth flows are considered first. The internal Bernoulli function at the sill for critical, attached flow is, from (27), given by
͑67͒
Recall that ⌬B is uniform across the width of the flow, thus the resulting condition between d and d 2c is found by equating (61) and (67):
where d 2c is related to Q by (29). Further, (60) has been used to eliminate d . For a given w (and taking w B ϭ w), subcritical and supercritical solutions for d exist only over a restricted range of d 2c values so that only some critical flows can be associated with an attached flow in the mouth, as shown in Fig. 8 . Subcritical and supercritical roots coalesce as some value d 2c ϭ d c 2c is approached. This is the point where conditions in the mouth are also critical and Q/w is a maximum for a given geometry.
In the limiting case of zero rotation (w Ӷ 1), subcritical and supercritical solutions for d coalesce where d c 2c ϭ 0.375 (Fig. 8) , corresponding to maximal exchange. This maximal exchange state was derived by Farmer and Armi (1986) for nonrotating flow over a sill. The corresponding maximal value of Q/w is marked by a cross on the w ϭ 0 curve in Fig. 3 .
As the upper layer moves into the widening upstream basin, it eventually detaches from the right wall, and at this point d ϭ Ϫd since d 1 | xϭw e /2 ϭ 0, where w e is the width at some point upstream of the mouth for which the flow detaches. This width is found by solving (60) and (68) 
2) CONNECTION TO THE UPSTREAM BASIN
There is no constraint on the width w e of the surface flow in the wide upstream basin. The constant internal Bernoulli function is given by (64) and the exchange transport by (65). The Bernoulli functions, (67) and (64), for the attached flow at the sill and the flow in the basin are equated to find a relationship between Q and w e ,
where d 2c is again related to Q by the critical condition (29). Solutions to (69) and (29) yield a type of "weir" relation in which Q/w is given in terms of w e (Fig. 9) . Solutions for w ϭ 0.5, 0.87, where the flow is detached at the mouth are included in this figure. Note from Fig.  9 that in some cases several Q/w are possible for the same w e ; this is true, for example, in the case of w ϭ 0.5. Although all of the detached basin currents indicated in Fig. 9 can be matched to sill flows with the same Q and ⌬B, they cannot all be so matched to mouth flows. Allowable states, meaning those that can be matched at all three locations, are indicated as thick curves. If attention is restricted to the latter, the relationship between Q/w and w e for given w becomes unique. In the limit of zero rotation w Ӷ 1, the critical sill flow maintains finite Q/w and therefore Q Ӷ 1. It can be shown directly from (69) that the supercritical root w e in this limit is O(Q) 1/2 Ӷ 1, while the subcritical root is O(1). The thick portions of the w Ӷ 1 curve in Fig. 9 , indicating the realizable subcritical flows, show the previous findings that subcritical basin currents associated with submaximal solutions detach at values ranging from w e ϭ 2.05 to w e ϭ 2͌2.
For w ϭ 0.5, supercritical and subcritical upstream states are found starting from the minimum value d 2c ϭ 0.021. Similarly for w ϭ 0.87. A plan view of maximal FIG. 8 . The mean depth of the attached mouth flow corresponding to the depth of the lower layer at the center of the channel for attached flow and critical conditions at the sill crest. Critical flow occurs at the mouth, corresponding to maximal exchange, when subcritical solutions (solid curves) and supercritical solutions (dashed curves) coalesce. and submaximal exchange flows for w ϭ 0.5 is shown in Fig. 10 . A further effect to note is the recirculation in the upstream subcritical flow. Some such recirculations can be attributed to the geometry of the mouth. For example, Bormans and Garrett (1989a) suggest that a key parameter determining whether the exit flow from a strait forms a gyre or a coastal jet is the sharpness of the exit corner relative to the inertial radius u/f. Our model appears to produce a counterexample in that no minimum curvature at the mouth is required to produce a band of reverse flow. This feature is discussed in the context of the Strait of Gibraltar in section 7.
c. Singly detached sill flow
We consider the case where the sill flow is detached from one wall and we match it to upstream flow that can be either attached or detached at the mouth, again by equating sill and mouth Bernoulli functions. No physical solutions for any value of w are found for the singly detached flows shown in Fig. 2c . Singly detached sill flows that outcrop at the surface cannot be linked to any mouth flow (either attached or detached), and we conclude that such flows cannot exist. The analysis that follows is for the singly detached sill flows that intersect the channel floor, as shown in Fig. 2b . First, we seek physically meaningful attached flows in the mouth, linking to singly detached sill flows. Equation (39) is equated to (61), which yields
where (60) has been used to eliminate d . Solutions are shown by the solid curves in Fig. 11 . The flow is detached at the mouth where the solid curves end. If the mouth flow is detached, the upper layer continues into the upstream basin unaltered. Its width w e is therefore the same as the width in the mouth. If the mouth flow is attached, the upper layer must move a finite distance into the basin before detachment occurs. In either case, the detached width w e can be calculated by equating the Bernoulli functions (39) and (64) and using (65) and (66). The resulting relation w e 4 ϩ 4w e 2 ͓ ϩ Ϫ ϩ ͑2Q͒ 1ր2 Ϫ 2͔ ϩ 8Q ϭ 0, ͑71͒ must be solved simultaneously with (41), (42), and (43). The results are displayed in Figs. 11 and 12. The former gives the wall depth d 0 (dashed curves) for detached flow in the mouth together with the previously discussed solid curves giving the average wall depth for attached mouth flows. For each w the composite of these curves has a subcritical (upper) branch and supercritical (lower) branch. There are some subtleties to the merger of the two curves, as explained in the figure caption. A similar plot showing the subcritical and supercritical widths w e in the basin appears in Fig. 12 . Each curve corresponds to a particular w and is a composite of information calculated for attached, singly detached, and doubly detached sill flows (see next section) as coded by the different line styles. Merger of the subcritical and supercritical (upper and lower) branches of a curve for a particular w indicates critical, detached flow in the mouth and the upstream basin (both flows are detached) and therefore a maximal state. For   FIG. 11 . Conditions at the mouth of the strait as a function of the relative width w s /w of the singly detached flow at the sill. For solid curves the mouth flow is attached and has wallaveraged depth d. For the dashed curves the mouth flow is detached and has left wall depth d 0 . Crosses indicate the maximal state. A curve corresponding to a particular channel width w has upper and lower branches corresponding to subcritical and supercritical flows. When detachment occurs at the mouth the value of the subcritical root is the same as d 0 /2 for the supercritical root, and the two curve branches therefore merge (see inset sketch). In the case w ϭ 0.87, the sill flow becomes attached w s /w ϭ 1 before the mouth flows merge. For w Ն 1.148, the subcritical flow in the mouth detaches before merger with the (also detached) supercritical branch occurs. The widths w e of the two roots remain distinct however. A further increase in w s /w is needed to cause the solutions to merge and become critical (and maximal).
w Ͻ 1.148 the situation is complicated by the fact that critical flow in the mouth occurs under conditions of attachment. The corresponding upstream supercritical and subcritical values of w e are distinct and are indicated by the terminations of the dashed and solid curves. This and other details are described in the caption.
The weir relation for singly and doubly detached sill flows is plotted in Fig. 13 , which extends the (Q/w versus w e ) relation to higher values of w. The only solutions shown in Fig. 13 are ones for which the basin, mouth and sill flows can be dynamically connected. Note that this does not include the solutions given by the second set of curves around w s /w Ϸ 1, shown in Figs. 4, 11, and 12, which cannot be dynamically connected.
d. Doubly detached sill flow
When the sill flow becomes doubly detached, which first occurs for w ϭ 1.544 (for w Ͻ 1.544, the maximal state is attained before the flow detaches from both sidewalls), it can be shown that all consistent mouth flows are detached. The basin states are therefore identical to the states in the mouth. These upstream states can be found by equating (50) and (64), yielding the quartic equation of (71) in w e , and this must be solved in conjunction with (52), (53), and (54). Various properties of the solution are plotted, including w e versus w s /w (Fig. 12) , Q/w versus w e (Fig. 13) , and w e /w versus w t /w (Fig. 14) . In each case, supercritical and subcritical branches of curves describing the upstream flow are possible and maximal flow occurs where these branches merge. For submaximal flow, the subcritical upstream state is appropriate. Under maximal conditions, the upstream flow is critical at the mouth and continues to be critical as the upper layer flows into the basin. Plan views showing each case appear in Fig. 15 . It is questionable whether the uniform upstream critical flow predicted in the maximal case can actually be maintained. An important finding, apparent in Fig. 13 , is that the maximal flux increases with increasing w, reversing a trend established for attached and singly detached sill flows.
e. Summary of maximal states
Maximal exchange states are summarized in Fig. 16 and cross sections of the maximal exchange interface are shown in Fig. 17 . The maximal exchange flux can be determined by the channel width and it is only necessary to know gЈ, D s , and f. That is, the sill flow is isolated from the up-and downstream basins on each side by a supercritical region so that it is independent of the properties in the upstream reservoir.
Application to the Strait of Gibraltar
The Strait of Gibraltar (Fig. 18) is about 60 km long and 20 km wide. It has a minimum width of about 13 km at the deep (about 800 m) Tarifa narrows and a shallow sill (Ͻ300 m) near Camarinal to the west. The main circulation in the strait is driven by an excess of evaporation in the Mediterranean Sea forming dense, salty water and the Atlantic is the source of low-density water in the exchange.
A key issue that remains an open debate is whether or not the exchange is maximal. If it is maximal, then conditions in the strait will respond relatively slowly to air-sea exchanges in the Mediterranean and exhibit small seasonal change. On the other hand, a submaximal exchange will exhibit relatively rapid responses (e.g., changes in interfacial depth) to mixing changes in the Mediterranean. Garrett et al. (1990a) indicate that the sea level gradient between the Atlantic and Mediterranean and interface depth in midstrait at the eastern end of the strait are different for maximal and submaximal states. They conclude based on sea level gradients along the strait and interfacial depth data across the eastern part of the strait that the exchange is generally maximal in the early part of the year and submaximal in the later part of the year. FIG. 13 . Exchange flow rate as a function of the width w e of the detached boundary current in the upstream basin. For the plots included, which are restricted to sill widths w Ն 1, the flow may be doubly detached at the sill and detached at the mouth (thin, solid curves), singly detached at the sill and detached at the mouth (dashed curves), or singly detached at the sill and attached at the mouth (thick, solid curves). Except for w ϭ 1, the subcritical and supercritical (right and left) branches of each curve coalesce, indicating that the upstream boundary current is critical and the flow maximal. The mouth flow in each of these cases is detached and therefore identical to the basin flows. For w ϭ 1 the mouth flow is attached and the upstream supercritical and subcritical values of w e remain distinct. Armi and Farmer (1988) describe the exchange in some detail. The dense water flows west and accelerates over Camarinal sill, which acts as a control. The fresher Atlantic water flows east into the western Mediterranean Sea (the Alboran Sea). It accelerates through Tarifa narrows, where there may be a second control point with supercritical flow to the east of this. If this is the case, the exchange is maximal, with supercritical flow just west of Camarinal sill, supercritical flow in the eastern narrow section of the Strait, and subcritical flow in between the two controls. By calculating two-layer Froude numbers (neglecting rotation) at various points along the strait, Farmer and Armi (1986) show that the flow through the strait is maximal except for a short portion of the tidal cycle. Bormans and Garrett (1989b) have found that a solution for the strait transport that is based on the average flow is essentially equivalent to the average solution of a model that includes tidal fluctuations so that a model that neglects tidal variability is adequate.
Acoustic images and CTD sections show the surface Atlantic layer entering the Alboran Sea with the interface intersecting the surface at some point between Tarifa and Gibraltar (see Armi and Farmer 1988, their Fig. 11 ). This phenomenon is associated with a frequently observed surface slick. Integration of the surface inflow yields estimates of 1 Sv (where 1 Sv ϵ 10 6 m 3 s Ϫ1 ) eastward transport (Armi and Farmer 1988) . Below the inflow, the lower layer is deep and essentially inactive. Figure 19 shows an area of low reflectance south of Gibraltar, possibly indicating the separation of the Atlantic water from the European coast.
Typical cross sections of the Strait of Gibraltar are approximately parabolic. An effective depth at the sill is estimated to be D s ϭ 200 m by best approximating the parabolic shape as a rectangle. The local Rossby radius of deformation at the Camarinal sill section, based on this depth is R ϭ (gЈD s ) 1/2 /f Ϸ 23 km, where f ϭ 8.5 ϫ 10 Ϫ5 s Ϫ1 and gЈ ϭ 2 ϫ 10 Ϫ2 m s Ϫ2 (Bormans and Garrett 1989a) . The exchange flux as a function of the width of the upstream flow is shown in Fig. 20 for w ϭ 0.57, the nondimensional width at Camarinal sill. The cross on the supercritical branch of the curve is the theoretical maximal exchange flux; this corresponds to a theoretical detachment width of w e ϭ 0.66 or a dimensional width of w* e Ϸ 15 km and an exchange flux Q/w ϭ 0.18 or a dimensional exchange flux of Q* ϭ QgЈD 2 s /f ϭ 0.95 Sv. The shaded portion of the curve gives the range for the expected exchange flux based on our estimate of the width of the Atlantic layer when it detaches from the European coast, w* e ϭ 15 Ϯ 1 km, shown in Fig. 19 . The width estimate is substantiated by FIG. 14. The width w e /w of the current in the upstream basin as a function of w t /w at the sill crest for critical and doubly detached flow there. Critical flow occurs at the mouth, corresponding to maximal exchange, when subcritical solutions (solid curves) and supercritical solutions (dashed curves) coalesce. The most recent published exchange estimates are given by Tsimplis and Bryden (2000) who average over a time series of Camarinal sill moored acoustic Doppler current profiler (ADCP) data between January and April 1997 to find a flux of Ϫ0.78 Ϯ 0.17 Sv for the Atlantic inflow and 0.67 Ϯ 0.04 Sv for the Mediterranean outflow. These values were found to be consistent with previous studies within the assumed errors. Hence, using our relationship between the width of the detached surface flow and the exchange flux, agreement is found with measured exchange fluxes, although at the upper limits of the expected values. Our predictions are made on the assumption of negligible net barotropic transport, while the effects of a net barotropic transport can include reverse and submaximal flows . Clearly, the predictions would also be influenced by the presence of a hydraulic jump between Tarifa narrows and the mouth at the Gibraltar-Ceuta section. However, there is no evidence of such a jump in any season (Bormans and Garrett 1989a) . It may be possible that an abrupt change in topography may also force the upstream flow to separate, although it is unlikely in this case as separation appears to occur well before the Bay of Gibraltar.
Despite the uncertainties in our volume flux estimates, we can likely conclude that in October 1984 (the time of the shuttle photograph) the flow through the Strait of Gibraltar was maximal with supercritical flow in the upstream (Mediterranean) basin. This is in accordance with Armi and Farmer (1988) who give the impression that the exchange is maximal if the separation point is between Tarifa Narrows and Algeciras, although they do not prove this. Our theory maintains that submaximal exchange corresponding to a subcritical flow would clearly be evident since such a flow would have a separation width w e Ͼ 1.4 or w* e Ͼ 32 km. A maximal flow state in October 1984 is further in accordance with the monthly mean sea level drop from the Atlantic to the Mediterranean (Garrett et al. 1990b and online at http://www.pol.ac.uk/psmsl/). The monthly mean sea level drop between Cadiz and Malaga in October 1984 is 0.19 m, close to the value (about 0.2 m) corresponding to a maximal state as discussed in Garrett et al. (1990b) . Submaximal exchange has a mean sea level drop of only about 0.09 m (Garrett et al. 1990b) . A time series of space images coinciding with sea level data would be very useful to determine over what timescale changes between submaximal and maximal flow occur, if at all, and whether the surface signature of such changes is indeed a change in the width of the upstream flow.
The surface Atlantic inflow curves southward and can form a large anticyclonic gyre in the Alboran Sea, while at other times it remains a coastal current that hugs the shore (see, e.g., Perkins et al. 1990 ). Based on the criterion of Bormans and Garrett (1989a) , Garrett et al. (1990a) show that the presence of a gyre can be associated with both maximal and submaximal exchange through the Strait of Gibraltar, but that the exchange must be submaximal if the gyre is replaced by a coastal current. That is, the speed of a subcritical surface flow divided by the Coriolis parameter is insufficient for separation to occur (i.e., it is less than the radius of curvature of the boundary). Recall from section 6 that recirculations in upstream subcritical flows exist regardless of the geometry at the mouth. Hence, while not a gyre as such, a band of reverse (northwest) flow along the African coast may be expected in the submaximal case although it is unclear what role the geometry at the end of the channel would play.
Summary and conclusions
Critical conditions for distinct two-layer flow configurations at a sill in a rotating reference frame have been derived. Critical sill flow is always attached for w Յ 0.866, while it may be attached or singly detached for w Ͻ 1.001. For w Ն 1.001, it may be attached, singly detached or doubly detached. Submaximal to maximal The corresponding mouth flow is attached for w Ͻ 1.148 and detached for w Ն 1.148. Further, it has been shown that the exchange flux increases with increasing rotation for doubly detached sill flow. This is reasonable because of the larger velocities that must exist in wider channels, however, the stability of such solutions and the possible retarding effect of eddies is undetermined. Upstream detachment of the upper layer always occurs in our model as a result of the fact that the basin is infinitely wide. The width w e of the corresponding coastal current can be used as the basis for a "weir" relation. For submaximal flow, this relation is contained in Fig. 9 (for w Ͻ 1) or Fig. 13 (for w Ն 1) . If the basin is not sufficiently wide to allow detachment, a weir relation can still be established in terms of a variable measured at the mouth. For example, the variable d, measured at the mouth, can be related to d 2c using Fig.  8 and, in turn, to Q/w using Fig. 3 . This procedure is valid when the sill flow is attached. For singly detached sill flow Figs. 11 and 4 can be used in the same manner. If the flow is maximal, one need only know the values of w*, gЈ, D s , and f to obtain the transport (Fig. 16) .
Detachment of the upper layer in the upstream basin also allows one to discriminate between submaximal and maximal conditions. Submaximal states are characterized by relatively large values of w e and by recirculations along the left wall of the basin. Maximal states are characterized by smaller w e values and unidirectional boundary current flow. Although these properties have been proven for a boundary current with zero potential vorticity, there is reason to believe that they are more general. Consider a flow with arbitrary potential vorticity but having zero alongshore velocity at the wall, as in Fig. 7b . If this current is uniformly displaced an infinitesimal distance onshore or offshore, a new flow with the same Q and same energy is created [Q is unaltered because the wall depth is unchanged; B() is unaltered because the range of is unchanged]. The infinitesimal displacement can therefore be thought of as a stationary wave of the original flow and its existence is tantamount to hydraulic criticality. In other words, any geostrophic boundary current having zero wall velocity (and therefore a horizontal interface at the wall) is hydraulically critical. It is natural to suppose that wider states with the same potential vorticity distribution are subcritical and have reverse velocity along the wall, whereas narrower versions are supercritical and unidirectional.
The application of our theory to the Strait of Gibraltar demonstrates a new way of monitoring the transport and of distinguishing between submaximal and maximal exchange flows in a strait using photographs from space or satellite imagery. Our theory emphasizes the value of the upstream surface flow in characterizing the exchange state in straits even when rotation is not very important within the strait. This could be beneficial in suggesting locations and monitoring strategies for observational programs in straits.
APPENDIX
Regularity Conditions
a. Singly detached sill flow
The following is an example of the procedure used to determine the properties of a virtual control for a particular w. Consider the case where the sill flow is singly detached and the flow at the virtual control is either singly detached or attached. Begin by assuming singly detached flow at the virtual control. The corresponding regularity condition is given by (15) The procedure for finding the virtual control for a given w depends on whether the sill flow is attached, singly detached, or doubly detached and is similar to the procedure described in section a of this appendix. However, no such virtual controls were found.
